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METHOD OF AVERAGING IN THE PROBLEMS OF STABILITY OF ELASTIC PLATES
POSSESSING FINE PERIODIC STRUCTURE’

S.I. BOIARCHENKO and L.M. ZUBOV

Buckling of an elastic plate with mechanical properties inhomogeneous across 1its
thickness is studied. The character of the inhomogeneity is described by periodic
rapidly oscillating functions of the transverse coordinate. The method of averag-
ing is used to construct an asymptotic to the solution of the problem of stability
in the case when the period of the inhomogeneity oscillations tends to zero. An
averaged system of differential equations is obtained in the case of a homogeneous
{(affine) subcritical deformation, separately, for the case of a compressible and an
incompressible materials. The system is used for determining, in the given approx-
imation, the bifurcation values of the load parameters. The general theory is il-
lustrated by an example of computing the stability of a rectangular plate uniformly
compressed in its plane, with the plate made of a resin-like incompressible one-
constant material, the modulus of elasticity of which is a rapidly oscillating func-
tion of the transverse coordinate., The results obtained using the method of averag-
ing are compared, for a thin plate, with those of the buckling theory based on the
Kirchhoff hypothesis.

1. rLet us consider an elastic plate bounded in the undeformed state by the planes Ty =
+h. We assume the plate material to be orthotropic (in particular isotropic), and the I3
axis lies in one of the material symmetry planes. Elastic properties of the material are
assumed homogenecus with respect to the Cartesian &, ¥, coordinates counted on the middle
surface of the plate, and inhomogeneous along the transverse coordinate 3. This means that
the specific potential energy of deformation W, which is a function of the Cauchy— Green de-
formation tensor, will depend explicitly on the coordinate ;3 The dependence is assumed to
be Zhe-periodic. The dimensionless parameter € will be assumed small (the case of a fine
periodic structure}.

We assume that the elastic body in guestion is subjected to an initial deformation of the
following form: %3 is the principal axis of the deformation tensor, the planes =z, == const ex-
perience an affine deformation independent of 2, stresses are absent from these surfaces,
and the elongation of the fibers orthogonal to the middle surface depends, in general, on Zg.
It can be shown that such a state satisfies the equilibrium equation for an orthotropic material
inhomogenecus in the direction of the transverse coordinate when the mass forces are zero, by
virtue of the forces distributed along the side surfaces of the plate. In the case of an in-
compressible material in the same state of equilibrium, the elongations of the transverse
fibers are independent of Zj. i.e. the deformation will be homogeneocus over the whole body.

The equation of neutral eguilibrium describing buckling of a plate, have the form /1/

. N d
VoD =0, D= L DR+ )y Vm%ix (1.1)
Here D is the asymmetric Piola stress tensor, R is the radius vector of the points of the body
in subcritical state, u is the vector of additional displacements, i, (k=1,2,3) are the
Cartesian coordinates unit vectors, and V is the del operator in the undeformed configuration

of the body. An upper dot denotes the perturbations (linear increments) resulting from the
additional displacements,

For a compressible material we have /1,2/

. . PR 2
D'=K.(Vo)T, K=K, i,iili,, K opgps == e };(; (1.2)
2" rs

Here Cpq are the subcritical state deformation gradient components, and K is the elasticity
tensor, which in this case is a periodic function of the coordinate r; and independent of the
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coordinates I, and z,, The boundary conditions on the face planes of the plate expressing
the absence of load in the perturbed state of equilibrium, are written as follows:

D=0 when T2 7= R L
Using the second rank tensors

nm‘* Jquns qls {m, n== 1,2,3)

we can write the egquations (l.l1) and boundary conditions (1.3) in the form
OmAmn-dpu = 0 (1.4)
Ag,dpu =0 when 2z, = +h (1.5)

Since the tensors A,, are independent of z; and z,, equations (l.4) and conditions (1.5}
admit solutions of the form

u = () exp [i (oexy + Pay)l (1.6)
which make it possible to satisfy certain boundary conditions on the side surface of the plate.
The conditions which are of sufficient interest include the conditions of hinged support or
sliding clamp at the edges of a rectangular plate.

Substituting {(1.6) into {1.4), (1.5} we arrive at a system of ordinary differential egua-
tions for three functions f, = f-i, { operator d denotes differentiation with respect to )
[dAgsd + (iaAiy + iBAz) d + d(icAy + iBAs) — oAy — B2As. — o (Aye + Agy)] =0 (1.7)
with boundary conditions at z; = +h

{Ansd + foAg + iBAg) - F=0 (1.8}
Setting = (Agsd 4 iAg; - iBAgs)- T

we obtain, in accordance with (1.7)
A= — (Ag) t-P-f 4 (Ap) g (1.9
dg=(B-(Agp)-P— Q)-f—B-(Ay) g
P= !C(Am lﬁAgv, B= iaAm + £§A23
Q= —a®Ay; — B%As; —afl (A12 + An)

Using (1.9) we can write the system of equations (1.7) as follows (A is a matrix with tensor

elements)
f lf
dn 1:_*A~ a
{1.10)

(As:s 1P, {Aga) ™
- TP —Q, B (Ag)?
We solve the problem of stability of a plate with fine periodic structure using the method
of averaging /3—6/. Setting y =¢'x;, we seek the solution of (1.10) in the form of a power
series

fizs. y) = E £ (5, y) &F (1.11)

g(xs y) = Z g9 (23, y) e
where ® (x5, ), g® (25, ¥y} are 2h -periodic functions of y. The base unknowns in the plate buck-
ling problem are those values of the load parameters (i.e. thé parameters determining the sub-
critical state), for which the system of eguations (1.7) with boundary conditions (1.8} has
a nontrivial solution. The unknown critical values of the load parameters must alsobe sought
in the form of a power series in terms of the dimensionless period & It is for this reason
that the coefficients of the system (1.7) dependent on the load parameters will appear in the
form of series

Apn = ZAg‘m(y) (1.12)

By virtue of the ocbvious relation
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—%s—f(zs.y) ~_—-;—:s- + a"g-;—
the differentiation operator is written in the form
d =48+ ¢t d/dy, 0 = 0/dz; (1.13)
Taking (1.13) into account, we write the system (1.10) in the form
f £ f
&9, gﬁ+a“gﬁ-1\-“g"=0 (1.14)

Substituting the expansions (1.11) and (1.12) into (1.14), we equate to zero, one after the
other, the coefficients accompanying like powers of & Equating to zero the coefficients
of &1 we obtain

3,f® =0, 5,80 =0

and from this follows O (zj, y) = 1O (z5), 8™ (z3, ¥) = 89 (z,). This means that the principal term
of the expansion (1.11) is not a rapidly oscillating function, but represents a component of
the solution of the stability problem, varying slowly across the thickness of the plate. The
coefficient of ¢ yields the equations

f [(0) @ f(o)
‘7v“gﬂ)b+a g«»“=A g (1.15)
Averaging the system (1.15), we arrive at a system of equations in § g0
L ® 0
9 g = (AT go (1.16)
A0y | SRR, AR
<B(0). (Ag;))-l'P(o) — Q(0)>‘ — <B(0)_(Agg))—1>

h

<@ (2, y> = 21—,, S @ (s, y) dy
—h

Here and henceforth the angle brackets will denote averaging over Y. The system (1.16) can
be written in the form (E is a unit tensor)

£ 0 E 1o
a“h«»“: v wN' h©
B = — (AR POV 4 (AR 8
V = (AD) - ((BY-(AQ) Py — Q> —

(BO. (Ag?,))") . <(A$))—1>—1 . <(A§,2,’)-1 POY)
W = — (A POy — (AY) 1y - (B (AR (AR

(1.17)

Eliminating from (1.17) the vector h®, we obtain the following expression for the vector f(®:

9@~ W.51® _ v . _g (1.18)

The boundary conditions for f{® are obtained from (1.8) and have the form

(ADD 4 icAD L BAY).fO —0 when z, = 4k (1.19)
The averaged system of equations (1.18) and boundary conditions (1.19) are used to obtain the
principal term of the asymptotics, as &-— 0, of the critical load, and of the formof elastic
plate loss of stability. The approximation f® in question is the more accurate, the finer

the structure of the inhomogeneity, i.e. the larger the number of the inhomogeneity periods
accommodated within the plate thickness.

2. In the case of an incompressible material the linearized Piola stress tensor has the
form

D =K. -(Vu)T +r (€Y (2.1)

where € is the deformation gradient of the initial deformed state of the plate, and r is an
unknown function of the coordinates the supplementary equation for which is represented, to-

gether with the equations of equilibrium (1.1), by the linearized condition of incompressib-
ility /1/
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Cle VU= Sy — 0 S =iy G,

™mn "5 : d IS
n St

Substituting (2.1) into (1.1) we obtain

8 dugy o ar . o
- (K'mnls-ﬁ) + —,-:.S,lm =0 (=123 (2.3

2 oz

where u, are the components of the displacement vector and S,,, are the components of the tensor

C!'. Equations (2.2) and (2.3), together form a system for determining the unknown func-
tions U, and r. To obtain the boundary conditions, we substitute (2.1) into (1.3).
g du
(K:intsTI:‘erna i,=0 when z;=-+h (2.4)
Setting r == 8¢/0x; and differentiating (2.2) with respect to 13 we obtain, inplace of (2.2), (2.3),
the system OmA pnBnty - O (2.5)
AmnTZ = Kmn"mv Uy = Uy, if < 3 T3
Apnss = Apnts = Apnge = 000 = ¢, if m#3

A3n4t = A3nt4 = Shu /13n44 = {)
where the Latin indices assume values from 1 to 3 and the Greek indices the values from 1 to
4. We supplement the boundary conditions (2.4) with the relations

Smnanum () when £y +h (2.6)

derived from (2.2), and write the conditions (2.4), (2.6) in the form
A gy Opty, - 0 when xy == +h (2.7)
We see from (2.5), (2.7) that the system of equations of neutral equilibrium and bound-
ary conditions for an incompressible material is represented in the form analogous to (1.4),
(1.5). This implies that we can use the algorithm described in Sect.l. As a result, we ob-

tain the averaged system of differential equations for the components of the four-dimensiocnal
vector, and the corresponding boundary conditions.

3. As an example we consider the problem of bifurcation of equilibrium in a plate uni-
formly compressed in its plane and made of a highly elastic, isotropic incompressible Bartenev
— Khazanovich material /7/. The deformation gradient of the subcritical state has the form

Ca=4 (ijd; |- isly) - A7%515; A = const (3.1
The Cauchy stress tensor for the given material is defined by the relation /1/
T=2uF"—cE F=C"-C (3.2)

Here F is the Finger measure of deformation, w = p (¢7lry)is the modulus of elasticity of the
material, representing a rapidly oscillating functionof the transverse coordinate, and 0 is
the pressure in the incompressible body which cannot be determined by the deformation. In the
subcritical state the quantity ¢ is found from the condition of absence of the normal trans-
verse stress, and has the following values:

o = 2ud? (3.3)

Taking due account of the known /1/ relation CT.D = (detC)T , we obtain
D = (CHT-T —(ECHT- (V-7 T (2.4)
Using now a formula given in /8/ for a derivative of the square root of a tensor, from (3.2)
we find (p = rf2p)
h T =u ([ — 1) [ oF — (F-72 F - F . F-'7) - (3.5)
(112 + I B/ F P — [ (F=2 F - FL o FL " F)
F1.F-F!] 4 2upE
F = (Vu)T-C - CT-Vu
I =200 1A% [, =2h + 172

and from (1.1), (3.1) — (3.5) we obtain the following system of equations of neutral eguilibrium:

b (95 + @® (01 + B’ + 0®01p + (3.6)

| 2
gvzv 0,63u3> + (Fauy 4 Y0 us) Bgp == 0
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B(v? (9)%us -+ 92us) + 20°0,%, + ©Bp 4 7485 (Gith +
Ba1y)) + ©® (2051 + p) Bz =0
Vo= A 20 =1 492 (L =1, 2)

The condition of incompressibility has the form

Y2 (B + Oguy) + Fguy = 0 (3.7)
and the following boundary conditions must hold at the end faces of the plate:
iy + YOy =0, 20uy 4+ p =0 for 23 =k (I =1, 2) (3.8)

Setting
up = fi (zg) exp li ey + Bzl th = 1, 2, 3), p = Jy{zs) exp lifaz, + Bay)i
and averaging, we obtain
Y — Vg2 (0@)? 7 4 fcdf” + i ()2 f0 = 0 (3.9)
O — v (09 37 + iBedl’ 4 B (02 =0
%0 — 207 (2 — v {2? — 1)) 1,9 + (m{a))z 5;4(0) =0
z (iefy® + iBHO) + 8 =0
L=Var B YO =07, 1= (o,

2 ()2 =1 1 g, c=1+2z+v_1:_§2‘i;:"_42"_
Here MY is the first term of the series % = A® 1 AMBe L A®e? 4+ ., and v = (ud (w™ is a para-

meter characterizing the inhomogeneity of the plate. For the homogeneous plate we havev = 1.
The general solution of the system (3.9) has the form

f{O) = (C1E15* + CoEoy* -+ C3E157 4 CyEay™) 07 (CsEgst+ CoeEay™) (3.10)
o= B (C1E 1"+ C2Eag™ + Calry™ + CiEsy”) — P (Cs Eagt + CoEaa")

N C C. - C -
§0}= et i'gez(i—z Et - ‘;szzs‘L - 'm—i'Em — ';n—:“ Egy >

18 = d, (C1E15" +— C3Ey37) + do (CoFs" -+ CyEyyT)

Ei¥ =exp{(tmu) j,i=14,2,31 M= {1 —v1iys

my=yOLl—z4+v {420+ M omy =y [— 2+
v {142 — Ny my = Loy

dp = il% [m? — 222 (22 — v (22 — N (O Pm 2 {1 =1, 2)

When x3 = -+h , the following conditions must hold:
O+ ioafy” =0, 0" + iBaf =0, 20/ + 0 =0 (3.11)

Substituting (3.10) into (3.11) we obtain the equation for finding A

The boundary value problem (3.9), (3.11) can be separated into two, mutually independent
problems.

Problem &: {® & (0 are even functions and f{,® is an odd function of the coordinate
T3

Problem B: f,®, f,® f©@ are odd functions and f{® is an even function of the coordinate
Z5.

Problem A describes the symmetric, and B the antisymmetric, i.e. flexural forms of the loss
of stability of the plate. The equation for determining A% in Problem A has the form

my (4 -+ M) (1 — zM) th (mh) — my (1 — M) (1 + zM) th (meh) = 0 (3.12)
and in Problem B
my (4 + M) (1 — 2M) th (mh) — my (1 — M) (1 + zM) X th (mpk) = 0 (3.13)

For a homogeneous plate, i.e. whenv =1, we have (s = {h denotes the relative plate thick-
ness)

{(y* — 3) sh (2ys) = 2ys (1 + 9%) in problem A {3.14)
3 — v sh (2ys) = 2ys (1 + 3 in problem B (3.15)

The roots of (3.12)— (3.15) were found by numerical methods. The results show that the
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solutions of (3.12) and (3.13) tend monotonously to unity with increasing parameter v, begin-
ning with the solutions of (3.14) and (3.15), respectively. At finite values of v and at small
or finite values of § the flexural forms of the loss of stability appear before the symmetric
forms. When v tends to infinity, i.e. in the case of a strongly inhomogeneous plate, the
solutions of (3.12) and (3.13) coincide asymptotically and we have

AO =1 — v fo(v)

€ The dashed lines in the figure depict the dependence of the critical
deformation e =1 — A% on the values of the parameter v, for ¢ =1.
a8 The curves I and 2 are constructed for Problem A and B, respectively.
It can be shown that if the functions
J
u = (z3) exp [i (@x, 4 Bay)], p==f, (z;)
au 7 exp L (ax; 4 Bzy)]
r satisfy the system (3.6), {(3.7), then the expressions
N\, ¢ u = f(xy) exp li (az, + Pz, p=/, (xs) exp [i (az;, + fa,)]
\“_ ————————
V4 A P PP and any linear combination of these expressions will alsoc be a solu-

tion of the system in question. In particular, the following expres-
sions will be the solutions:

Uy = f, (x3) cos az, sin Px,, u, = f, (x5} sin az, cos Pz, (3.16)

Uy = f3 {x3) sinazy sin Bz, p == f, {xs) sin az, sin Pz,

Let us consider a rectangular plate —e <, < ¢, —b <z, b We put o =mnla, § = nn/b
(m,n =0,1,2,...) . Then the solutions (3.16) in Problem B will satisfy the following bound-
ary conditions at the side surface of the plate:

u, =0; us =0; My =0 when 7, = %a
uy, =0; uy =0, My =0 when % = b
2
(Mo=Mois M=z § i-Drsdr)
iy

Consequently the solutions (3.16) will describe the flexural forms of the loss of stability
in a hinged plate.

Let us compare the exact solution of the problem of stability with the results of an ap-
plied theorem of buckling of shells and plates based on the Kirchhoff hypotheses /9/. The
analysis of the flexural forms of bifurcation of equilibrium in a compressed plate in the case
when p is an even function of the transverse coordinate z, is reduced, within the framework of
this theory, to solving the following equation for the flexure of the middle surface w(z, z,)
of the plate:

(A3 — 1) (612w + 82w py -+ 2 (8yfw + 28,2070 + Gfw) py = O (3.17)

h A
= S piz) des, o= \ w {73} 2% dag
4 8

Linearization of (3.17) relative to the critical deformation e¢=1 -1 yields, in the case of
a homogeneous plate (g = const) , the classical St. Venant equation /10/
1303Vt — V.T-Vu = 0
writing w in the form w = w,exp li {oz; 4 fz)iwe obtain, from (31.17), the following equation
for determining % :
M= 1 — 20/,

and this yields
)
A=t — 5 Pl 4 0 (89 (3.18)

Since p{z) is an even function, the following expansion holds on the interval [0, A}
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- nnzy
p:uo-{—Za"cos oh (3.19)

nes]

From (3.19) we obtain
Bi = agh, py = k%3 + O (e?)

and in accordance with (3.18) we have
xztaT + 0 (sY) (3.20)

The solution of (3.13) has an asymptotic representation coinciding with (3.20) with the
accuracy of up to the terms of order s*. This means that the Kirchhoff theory gives correct
results in the case of thin plates.

For the case v=2 the solid lines in the figure depict the dependence of the critical
deformation e on the relative thickness s of the plate. The curves I and 2 correspond to
the problem A and B; curve 3 is obtained for the flexural forms of the plate equilibrium bi-
furcation using the Kirchhoff hypothesis. It is evident that in the case of thick plates the
Kirchhoff theory leads to considerable errors.
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